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HARMONIC CURRENTS DIRECTED BY FOLIATIONS BY RIEMANN SURFACES
TIEN-CUONG DINH AND HAO WU
ABSTRACT. We study local positive ddc-closed currents directed by a foliation by Riemann
surfaces near a hyperbolic singularity which have no mass on the separatrices. A theorem
of Nguyeˆn says that the Lelong number of such a current at the singular point vanishes.
We prove that this property is sharp: one cannot have any better mass estimate for this
current near the singularity.
Classification AMS 2010: 37F75, 37A.
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1. INTRODUCTION
In theory of foliations by Riemann surfaces, directed positive ddc-closed currents play
a central role like invariant measures for a dynamic system, see e.g. [2, 4, 5, 6, 9, 11]. A
fundamental problem is to understand such currents near the singularities of the
foliations.
Let F be a foliation by Riemann surfaces near 0 ∈ Cn such that 0 is an isolated
hyperbolic singularity. Let T be a positive ddc-closed current of bi-dimension (1, 1)
directed by F . We assume that this current has no mass on the separatrices of the
foliation at 0. In [7, 9], Nguyeˆn proves that the Lelong number of T at 0 vanishes.
Equivalently, the mass of T in the polydisc δDn := {(z1, z2, · · · , zn) ∈ C
2 : |zi| < δ}
satisfies
‖T‖δDn = o(δ
2) as δ → 0.
In this paper, we show that Nguyeˆn’s result is sharp: one cannot have a better estimate.
For simplicity, we consider the case of complex dimension n = 2. It is not difficult to
extend the result to the higher dimension case. Here is our main theorem.
Theorem 1.1. Let F be a foliation by Riemann surfaces in a neighborhood of 0 ∈ C2.
Assume that 0 is a hyperbolic singularity. Let ε : [0, 1] → R+ be a continuous function such
that ε(0) = 0. Then there exists a positive ddc-closed (1, 1)-current T in a neighborhood of
0 ∈ C2 directed by F having no mass on the separatrices at 0 such that
‖T‖δD2 ≥ ε(δ)δ
2.
In particular, we do not have the general estimate
‖T‖δD2 . | log δ|
−αδ2
for some α > 0 in the local setting. This estimate is crucial in the study of global dynamics
of foliations via Poincare´ metric and random walk on leaves, see [8] for details.
This work is supported by NUS Tier 1 Grants R-146-000-248-114 and R-146-000-319-114 from National
University of Singapore.
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Let F be a holomorphic vector field on a neighborhood of 0 ∈ C2 which defines the
foliation F . Recall that 0 is a hyperbolic singularity of F if we can choose F so that
F = ηz1
∂
∂z1
+ z2
∂
∂z2
+ higher order terms
with η = a + ib and b 6= 0. By Poincare´-Dulac theorem, see e.g. [1], holomorphic vector
fields are linearizable near hyperbolic singularities. We can change the local coordinate
system (z1, z2) so that
F = ηz1
∂
∂z1
+ z2
∂
∂z2
.
From now on, we use these new coordinates. Then the leaves of F can be described
explicitly, see Section 2 below. The two axes {z1 = 0} and {z2 = 0} are called the
separatrices of F at 0.
We will construct an explicit positive ddc-closed current T having full mass on a leaf L
of F . It is given by a positive harmonic function on L.
In Section 2, we will recall the standard parametrization of the leaves of F together
with some properties that we need in this paper. We will also give the construction of the
current T . In Section 3, we will show that T satisfies our main theorem.
Throughout this paper, the symbols . and & stand for inequalities up to a
multiplicative constant. We write ≃ if both hold. We denote by H,D, δD, δD2 the upper
half-plane in C, the unit disk, the disk of cent 0 and radius δ, and the bidisc δD × δD
respectively.
2. CONSTRUCTION OF HARMONIC CURRENT AND SOME ESTIMATES
We will use the notation as in [3, Sections 4 and 5]. For simplicity, we also assume that
b > 0 (if b < 0 we use the change (z1, z2) 7→ (z2, z1) and F 7→ η
−1F in order to reduce to
the case b > 0). Define the annulus A by
A := {α ∈ C : e−2πb < |α| ≤ 1}
and the sector S in the upper half-plane H by
S := {ζ = u+ iv : v > 0, bu+ av > 0}.
For α ∈ C∗, consider the Riemann surface Lα immersed in C
2 defined by
z1 = αe
iη(ζ+log|α|/b) and z2 = e
i(ζ+log|α|/b) with ζ = u+ iv.
The map ζ 7→ (z1, z2) is injective because η /∈ R. It is easy to check that Lα is tangent to
the vector field F . Hence Lα is a parametrization of a leaf of F in C
2.
For α1, α2 ∈ A, one can check that Lα1 and Lα2 are disjoint if α1 6= α2. The union of
all Lα, α ∈ A, is equal to (C
∗)2. The intersection Lα := Lα ∩ D
2 is given by the same
equations as Lα but with ζ ∈ S. Since Lα is a connected submanifold of (D
∗)2, it is a leaf
of F ∩ D2.
Fix an α ∈ A, and denote by pi : S → Lα the above parametrization of Lα. From now
on, we take α = 1 for simplicity. In this case, we have
(2.1) pi(ζ) := (eiηζ , eiζ) with ζ = u+ iv ∈ S.
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Consider the biholomorphic map Φ : S→ H defined by
Φ(ζ) := ζγ with γ > 1 and tan
pi
γ
= −
b
a
.
We use the coordinate Z = U + iV := Φ(ζ) on H.
We can replace the function ε in the main theorem by a suitable larger function which
is smooth on (0, 1], strictly increasing and concave. Fix a large constant A > 0 and define
the function H˜(x) on R by
H˜(±tγ) := γ−1Ae−tε′(e−t) for t ≥ 0.
We can easily check that
(2.2)
∫
x≤−tγ
H˜(x)(−x)−1+1/γdx =
∫
x≥tγ
H˜(x)x−1+1/γdx = Aε(e−t).
Then we extend H˜ to a positive harmonic function, still denoted by H˜, on the upper
half-plane H by using Poisson kernel, i.e.
H˜(U + iV ) :=
1
pi
∫
R
H˜(x)
V
V 2 + (U − x)2
dx for U + iV ∈ H.
Since H˜(x) = H˜(−x), the function H˜ is symmetric: H˜(U + iV ) = H˜(−U + iV ) for
U + iV ∈ H. Define the function H := H˜ ◦ Φ on S.
Consider the following (1, 1)-current on D2,
T := pi∗(H [S]).
In the rest of this paper, we will show that T is a current that satisfies Theorem 1.1.
As in [3], to simplify the computation, we will introduce some new variables. Firstly,
let ζ∗ := u∗+ i = −a/b+ i be the intersection point of {v = 1} with the line {bu+av = 0}.
Define
ρ := |ζ∗|γ = −Φ(ζ∗).
We consider ζ = u+ iv in the half-line {v = s} ∩ S and the new variable
r := u/s− u∗.
Note that rs is comparable with the distance of ζ = u + iv to the edge {bu + av = 0} of
S and we have bu + av = bsr and du = sdr on the half-line {v = s} ∩ S. Define also the
variables
Z ′ := s−γZ, U ′ := s−γU, V ′ := s−γV
for U + iV = Φ(ζ) ∈ H. Notice that ζ = s(ζ∗ + r) and hence Z ′ = U ′ + iV ′ = Φ(ζ∗ + r).
Finally, we write
x′ := s−γx for x ∈ R.
We need the following three lemmas for the new variables. See [3, Section 5] for the
proofs.
Lemma 2.1. When r → 0, we have U ′ = −ρ+O(r) and V ′ = βr+O(r2) for some constant
β > 0. Moreover, given a constant N > 0, we have for 0 ≤ r ≤ N ,
dist(x′, U ′ + iV ′)2 ≥ cN
[
r2 + dist(x′,−ρ)2
]
,
where dist denotes the standard distance and cN > 0 is a constant independent of x
′.
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Lemma 2.2. When r →∞, we have U ′ = rγ +O(rγ−1) and V ′ = γrγ−1 +O(rγ−2).
Lemma 2.3. There is a constant c > 0 such that∫ ∞
0
V ′
V ′2 + (U ′ − x′)2
dr ≤ c|x′|−1+1/γ for |x′| ≥ 2ρ.
We also need the following estimate.
Lemma 2.4. There is a constant c > 0 such that∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr ≥ cx′−1+1/γ for x′ ≥ 1.
Proof. The lemma is clear when x′ is bounded by a constant. So it is enough to consider
x′ ≥ (1/b)γ . In this case, we have x′1/γ ≥ 1/b and the considered integral is larger than
the integral for r between x′1/γ and x′1/γ + 1. For those r, by using Lemma 2.2, we have
V ′ ≃ x′1−1/γ and rγ = x′ + O(x′1−1/γ) by mean value theorem. Hence |U ′ − x′| . V ′.
Therefore, we have∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr &
∫ x′1/γ+1
x′1/γ
V ′
V ′2
dr ≃
∫ x′1/γ+1
x′1/γ
1
x′1−1/γ
dr = x′−1+1/γ .
The proof of the lemma is finished. 
3. PROOF OF THE MAIN THEOREM
Now we complete the proof of Theorem 1.1. Firstly, we prove that T is a well-defined
positive ddc-closed (1, 1)-current on D2.
Proposition 3.1. T is a positive (1, 1)-current of finite mass in D2 supported by L1 =
L1 ∪ {z1z2 = 0}.
Proof. The positivity of T is clear. In order to show that T is a current, it is enough to
check for every smooth (1, 1)-form φ with compact support in D2 that
∫
S
H(ζ)pi∗(φ) is
meaningful. For this purpose, we only need to show that∫
S
H(ζ)pi∗(ddc‖z‖2) < +∞.
Indeed, this inequality also shows that T has finite mass. It is clear that T has full mass
on L1 and its support is L1.
By a direct computation, using (2.1), we have
pi∗(idz1 ∧ dz1) = (a
2 + b2)e−2(bu+av)idζ ∧ dζ
and
pi∗(idz2 ∧ dz2) = e
−2vidζ ∧ dζ.
Recall that ddc = i
π
∂∂. So we get
(3.1) pi∗(ddc‖z‖2) =
1
pi
(
(a2 + b2)e−2(bu+av) + e−2v
)
idζ ∧ dζ.
Note that on the half sector S1 := {bu+av ≥ v}∩S, we have e
−2(bu+av) ≤ e−2v. Moreover,
the equation bu + av = v is equivalent to br = 1 in S, which means that the intersection
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point of {bu + av = s} with {v = s} corresponds to r = 1/b for any s. So using that
idζ ∧ dζ = 2du ∧ dv and the variables s, r introduced in Section 2, we get∫
S1
H(ζ)pi∗(ddc‖z‖2) .
∫
S1
H(ζ)e−2vidζ ∧ dζ = 2
∫ ∞
0
e−2s
(∫ ∞
1/b
sH˜(U + iV )dr
)
ds.
For the integral inside the parentheses, using Poisson formula and the variables U ′, V ′, x′
defined in Section 2, we have∫ ∞
1/b
sH˜(U + iV )dr =
∫ ∞
1/b
1
pi
∫
R
sH˜(x)
V
V 2 + (U − x)2
dxdr
=
1
pi
∫
R
H˜(x)s1−γ
( ∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr
)
dx.
For |x′| ≥ 2ρ, by Lemma 2.3, we obtain∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr . |x′|−1+1/γ .
For |x′| < 2ρ, we show that a similar estimate holds. For this purpose, we only need to
consider r large enough. By Lemma 2.2, we have |U ′ − x′| & U ′. Thus,∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr .
∫ ∞
1/b
V ′
V ′2 + U ′2
dr .
∫ ∞
1/b
V ′
U ′2
dr .
∫ ∞
1/b
1
rγ+1
dr . |x′|−1+1/γ
because |x′|−1+1/γ is bounded from below by (2ρ)−1+1/γ . Therefore,∫ ∞
1/b
sH˜(U + iV )dr .
∫
R
H˜(x)s1−γ |x′|−1+1/γdx =
∫
R
H˜(x)|x|−1+1/γdx.
By (2.2), the last integral is finite.
Then we deduce that
∫
S1
H(ζ)pi∗(ddc‖z‖2) <∞. We can repeat the argument above for
the other half sector S2 := {bu + av ≤ v} ∩ S and get
∫
S2
H(ζ)pi∗(ddc‖z‖2) < ∞, which
finishes the proof of this proposition. Note that using the symmetric property of H˜, we
can also see that the integral on S1 is similar to the one on S2 and can be treated in the
same way. 
Proposition 3.2. The current T is ddc-closed.
Proof. Let Qs be the parallelogram in S limited by bu+ av = s and v = s. We have
T = lim
s→∞
Ts with Ts := pi∗(H [Qs]).
For a smooth function φwith compact support in D2, we need to show that 〈Ts, dd
cφ〉 → 0
as s tends to infinity.
Since φ is compactly supported in D2, there exists a positive constant λ such that the
support of pi∗(φ) is contained in the sector S⋆ := {v > λ, bu+ av > λ} which is contained
in S. Define Q⋆ := Qs ∩ S
⋆.
By Stokes formula, we have
(3.2) 〈Ts, dd
cφ〉 = 〈H d[Q⋆s], pi
∗(dcφ)〉+ 〈dH ∧ [Q⋆s], pi
∗(dcφ)〉.
We show that the first term in (3.2) tends 0. Observe that d[Q⋆s] = [Es] + [E
′
s], where
Es ⊂ {v = s} is the horizontal edge and E
′
s ⊂ {bu + av = s} is the vertical edge of Q
⋆
s
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inside S⋆ with suitable orientations. We will only show that 〈H [Es], pi
∗(dcφ)〉 tends to 0.
A similar property for [E ′s] can be obtained in the same way.
Note that dcφ is a combination with bounded coefficients of dzi and dzi. We also have
pi∗(dz1) = iηe
iηζdζ, pi∗(dz1) = −iηe
−iηζdζ
and
pi∗(dz2) = ie
iζdζ, pi∗(dz2) = −ie
−iζdζ.
Observe that
|eiηζ | = |e−iηζ | = e−(bu+av) and |eiζ | = |e−iζ| = e−v.
Since we are working with ζ = u+ iv ∈ Es, we have that e
−v ≤ e−(bu+av) and dζ = dζ =
du. So pi∗(dcφ) is equal to e−(bu+av)du times a bounded function. We only have to check
that ∫
Es
H(ζ)e−(bu+av)du→ 0.
Observe that Es = {λ < bu + av ≤ s, v = s}. Moreover, we have bu + av = bsr on the
half-line {v = s} ∩ S. Hence the considered integral is equal to∫
λ<bu+as≤s
H(ζ)e−(bu+as)du =
∫ 1/b
λ/(bs)
H˜(U + iV )e−bsrsdr
=
1
pi
∫
R
H˜(x)
( ∫ 1/b
λ/(bs)
se−bsr
V
V 2 + (U − x)2
dr
)
dx
=
1
pi
∫
R
H˜(x)
( ∫ 1/b
λ/(bs)
s1−γe−bsr
V ′
V ′2 + (U ′ − x′)2
dr
)
dx
.
∫
R
H˜(x)s1−γ
(∫ 1/b
λ/(bs)
(bsr)−1
V ′
V ′2 + (U ′ − x′)2
dr
)
dx.(3.3)
We need to show that the expression in (3.3) tends to 0. For this purpose, we will split
the integral into two parts corresponding to |x′| ≥ 2ρ and |x′| < 2ρ.
For |x′| ≥ 2ρ, by Lemma 2.3 and using that bsr > λ on Es, we have∫
|x′|≥2ρ
H˜(x)s1−γ
(∫ 1/b
λ/(bs)
(bsr)−1
V ′
V ′2 + (U ′ − x′)2
dr
)
dx
.
∫
|x′|≥2ρ
H˜(x)s1−γ |x′|−1+1/γdx =
∫
|x|≥2ρsγ
H˜(x)|x|−1+1/γdx.
Since H˜(x)|x|−1+1/γ is integrable on R (see (2.2)) and 2ρsγ →∞, the last integral tends
to 0.
For |x′| < 2ρ, when s → ∞, we have λ/(bs) → 0. Using Lemma 2.1, it is enough to
estimate ∫
|x′|<2ρ
H˜(x)s1−γ
(∫ 1/b
λ/(bs)
(bsr)−1
r
r2 + (ρ+ x′)2
dr
)
dx
.
∫
|x′|<2ρ
H˜(x)s1−γ
(∫ 1/b
λ/(bs)
(bsr)−1
r
r2
dr
)
dx
≃
∫
|x|<2ρsγ
H˜(x)s1−γdx =
∫
|x|<2ρsγ
H˜(x)|x|−1+1/γ
( |x|
sγ
)1−1/γ
dx.
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Note that the function inside the last integral converges pointwise to 0. Therefore, by
Lebesgue dominated convergence theorem, the last integral goes to 0. Thus, the first
term in (3.2) tends to 0.
Now we show that the second term in (3.2) tends to 0. Since d = ∂+ ∂, dc = i
2π
(∂− ∂)
and H is harmonic, by Stokes formula, this term is equal to
−〈dH ∧ dc[Q⋆s], pi
∗(φ)〉 =
i
2pi
〈∂H ∧ d[Q⋆s], pi
∗(φ)〉 −
i
2pi
〈∂H ∧ d[Q⋆s], pi
∗(φ)〉.
Recall that d[Q⋆s] = [Es] + [E
′
s]. We only consider the integral on the horizontal edge
Es for simplicity. Fix a point p on Es, and denote by dp,1 the distance from p to the line
{bu + av = 0} and dp,2 the distance from p to the line {v = 0}. It is not hard to see
that dp,1 ≃ sr and dp,2 = s. Denote by dp := min(dp,1, dp,2). Then H is harmonic on the
open disc D(p, dp) of center p and radius dp, by Harnack’s inequality, for x ∈ D(p, dp) and
dx := dist(x, p) we have
dp − dx
dp + dx
H(p) ≤ H(x) ≤
dp + dx
dp − dx
H(p).
Using that λ/(bs) < r ≤ 1/b on Es, we get that dp ≃ sr on Es. Then by definition of
derivative and taking x → p, we deduce that at the point p, ∂H is equal to (sr)−1Hdζ
times a bounded number and ∂H is equal to (sr)−1Hdζ times a bounded number.
Moreover, for ζ = u + iv ∈ Es, we have dζ = dζ = du. Therefore, it is enough to show
that ∫
Es
H(ζ)(sr)−1du→ 0.
Using the variables U ′, V ′ and x′, we get∫
Es
H(ζ)(sr)−1du =
∫ 1/b
λ/(bs)
H˜(U + iV )(sr)−1sdr
=
1
pi
∫
R
H˜(x)s1−γ
(∫ 1/b
λ/(bs)
(sr)−1
V ′
V ′2 + (U ′ − x′)2
dr
)
dx.
As for (3.3), we see that the last integral tends to 0 as s tends to infinity. This ends the
proof of the proposition. 
Proposition 3.3. For 0 < δ < 1, we have ‖T‖δD2 ≥ ε(δ)δ
2.
Proof. Recall that pi(ζ) := (eiηζ , eiζ). So
pi−1(δD2) = {u+ iv : bu+ av > − log δ, v > − log δ}.
We define t := − log δ. Hence
‖T‖δD2 ≃
∫
bu+av>t,v>t
H(ζ)pi∗(ddc‖z‖2).
To prove the proposition, it suffices to bound the integral on S1 ∩ {bu + av > t, v > t}
from below. Using (3.1) and the variables r and s introduced in Section 2, the considered
integral is equal to a constant times∫
v>t,bu+av≥v
H(ζ)
(
(a2 + b2)e−2(bu+av) + e−2v
)
idζ ∧ dζ
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≥
∫
v>t,bu+av≥v
H(ζ)e−2vidζ ∧ dζ
≃
∫ ∞
t
e−2s
∫ ∞
1/b
∫
R
H˜(x)s
V
V 2 + (U − x)2
dxdrds
=
∫ ∞
t
e−2s
∫
R
H˜(x)s1−γ
(∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr
)
dxds
≥
∫ ∞
t
e−2s
∫
x≥sγ
H˜(x)s1−γ
(∫ ∞
1/b
V ′
V ′2 + (U ′ − x′)2
dr
)
dxds.
When x ≥ sγ, we have x′ ≥ 1. Applying Lemma 2.4 to the integral inside the parentheses,
and using (2.2), we obtain
‖T‖δD2 &
∫ ∞
t
e−2s
∫
x≥sγ
H˜(x)s1−γx′−1+1/γdxds =
∫ ∞
t
e−2s
∫
x≥sγ
H˜(x)x−1+1/γdxds
≥
∫ t+log 2
t
e−2s
∫
x≥sγ
H˜(x)x−1+1/γdxds ≥
∫ t+log 2
t
e−2s
∫
x≥(t+log 2)γ
H˜(x)x−1+1/γdxds
=
∫ t+log 2
t
e−2sAε(e−t−log 2)ds ≥ log 2 · e−2t−2 log 2Aε(e−t−log 2) ≃ Aδ2ε(
1
2
δ) ≥
A
2
δ2ε(δ)
since ε is concave and ε(0) = 0. We get the desired estimate by taking A large enough.
The proof is complete. 
Summing up, Propositions 3.1, 3.2 and 3.3 show that the current T defined in Section
2 is a positive ddc-closed current with the desired mass estimate. By definition, it is clear
that T has no mass on the separatrices at 0 because L1 ⊂ (D
∗)2. The proof of Theorem
1.1 is finished.
Remark 3.4. For every α ∈ A, we can construct a similar current Tα supported by Lα.
By taking an average of those currents, we can have a current T satisfying Theorem 1.1
which is given by a smooth form on (D∗)2.
Remark 3.5. Consider a general positive ddc-closed current T on D2 directed by F .
Assume that T has no mass on the separatrices at 0. It is known that T can be written
as an average of currents Tα supported by Lα by mean of a positive measure on A. As
above, we can show that Tα is positive dd
c-closed for almost every α.
Remark 3.6. The famous Siu’s semicontinuity theorem [10] says that for every positive
closed current S on a complex manifold X, the upperlevel set Ec := {ν(S, ·) > c} is an
analytic subset of X for every c > 0. It is well-known that this property is not true for
positive ddc-closed current. For the current T we constructed, we have
{ν(T, ·) > c} = {pi(z) : H(z) > c},
which is an open set of L1 and is Zariski dense in D
2.
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